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Energy-Level Statistics of Model Quantum
Systems: Universality and Scaling in a
Lattice-Point Problem
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We investigate the statistics of the number N(R, S) of lattice points, ne Z?, in
an annular domain /7(R, w)= (R + w)A\RA, where R, w>0. Here A4 is a fixed
convex set with smooth boundary and w is chosen so that the area of IT(R, w)
is S. The statistics comes from R being taken as random (with a smooth
density) in some interval [¢, T, ¢, T], ¢;> ¢, > 0. We find that in the limit T — oo
the variance and distribution of 4N = N(R; §)— S depend strongly on how §
grows with T. There is a saturation regime S/T — oo, as T — oo, in which the
fluctuations in 4N coming from the two boundaries of /7 are independent. Then
there is a scaling regime, S/ — z, 0 <z < o0, in which the distribution depends
on z in an almost periodic way going to a Gaussian as z — 0. The variance in
this limit approaches = for “generic” A4, but can be larger for “degenerate” cases.
The former behavior is what one would expect from the Poisson limit of a
distribution for annuli of finite area.

KEY WORDS: Energy-level statistics; integrable quantum systems; lattice
point problem.

1. INTRODUCTION

This paper continues our study of the distribution of integer lattice points
inside a “random” region on the plane.®!"¢7.%19 While the question can
be thought of as number-theoretic, our motivation comes primarily from
the interest in the distribution of eigenvalues of quantum systems. The
latter problem has received a great deal of attention in recent years, with
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particular emphasis on the question of how the statistics of eigenvalues
relates to the nature of the corresponding classical dynamical system.

One of the striking conjectures is a universality of the local statistics
of eigenvalues of generic quantum Hamiltonians: for integrable systems the
local statistics is Poissonian, while for hyperbolic systems it is the Wigner
statistics of the ensemble of Gaussian matrices. This conjecture is based on
a number of analytical, numerical, and experimental results (see, e.g.,
refs. 1, 12, 20, and 19) and the task of theory is to explain them and to find
out their range of validity. To see the connection between the lattice-point
problem and the statistics of eigenvalues in the integrable case, consider a
simple model system, a free particle in a rectangular box with periodic
boundary conditions. In this case the eigenvalues are

2 2
ns n;
1 2 2
E,=—=+-3, n=(n,n,)el
ay a;

where 2na,, 2na, are the sides of the box. The problem then is: what is the
statistics of the numbers E,? This is clearly the same problem as finding
the statistics of lattice points inside a suitable ellipse. More generally, we
may consider integrable systems with eigenvalues

E,=1I(n —oay,n—a,), n=(n,n,) (L)

where (possibly after some rescaling'®) I(x,,x,) is a homogeneous
function of second order and ask about the statistics of E,. Now, in the
sequence {E,,neZ>} there is nothing random, so the first question is,
what do we mean by statistics of the sequence E,? To describe it, let us
consider the sequence of energy levels E, in the interval [E, E+ S] with
E> S» 1 (the average spacing between levels is of order of 1). Assuming
that £ is uniformly distributed on an interval ¢, T< E<c,7, we may
consider the sequence X,={E,—E:E<E,<E+S} as a random one.
The question is: does the limit distribution of X . exist, when T — oo and
S is a prescribed function of T. Is this limit distribution Poisson?

This problem was considered originally in the work of Berry and
Tabor® (see also the review paper!"’), where convincing physical arguments
were presented in favor of a Poisson limit distribution. In particular, the
distribution of the distances between neighboring levels was found numeri-
cally to be exponential, which fits to Poisson statistics. Sinai"*®’ and
Major®® (see also ref. 5) studied rigorously the Poisson limit distribution
in a model lattice problem. They showed that for a typical (in a probability
sense) oval in a plane the number of integral points in a random narrow
strip of a fixed area between two enlarged ovals has a Poisson distribution.
Major proved also some other results in this direction, and he showed that
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a typical oval from the probability spaces which were used in his work and
in the work of Sinai does not belong to C2 For typical smooth, say C*—,
ovals the Poisson conjecture for the number of integral points in a random
narrow strip of a fixed area remains open; see ref. 18 for some related
results in this direction. ,

In a different direction Casati er al.'*’ argued that the sequence of
levels cannot be considered as truly random. In fact, Casati et al."'® found
numerically a saturation of rigidity at large energies, which gave an
estimate of the range of the applicability of the Poisson conjecture (the
rigidity is a statistical characteristic which estimates how well the counting
function of the energy levels is approximated locally by a linear function;
it was introduced by Dyson and Mehta in their studies of ensembles of
Gaussian matrices‘).

Berry® carried out an analytical analysis of the saturation of the
rigidity. He showed that the rigidity has a crossover at the scale of S of the
order E'?, where E is the energy, from linear Poisson-like behavior to a
saturation. Berry’s computations were not completely rigorous, and he also
used tacitly some assumptions on nondegeneracy of the spectrum. In the
present work we carry out a rigorous study of the statistics for all cases in
which S — o as E® for § > 1/2.

1.1. Informal Statement of Results

We will consider averages related to the classical limit theorems of
probability theory. Let N(E, S) be the number of E, in (E, E+ S]. The
question is, what is the asymptotics of Var N(E, S) and what is the limit
distribution of [N(E, S)— {N(E, S))>]/[Var N(E, S)]"*? This problem
has an obvious interpretation as a lattice problem. Referring to (1.1),

NE S)y=#{n|E<I(n,—o,,n,—a,)<E+ S}
is the number of lattice points in the annulus
E<l(x,—oa,,x;—a,)SE+S

What we prove in the present article can be informally summarized as
follows. Let

N(E)=#{E,  E,<E}
Then obviously

N(E, S)=N(E+ S)— N(E)
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We prove that if E— oo, S/E— 0, and S/E'*> — oo, then N(E + S) and
N(E) are asymptotically independent, so

Var N(E, S)~ Var N(E+ S)+ Var N(F)
It was shown in ref. 6 that
Var N(E)~ V,E'?

Hence
Var N(E, S)~ 2V, E'?

Similarly, the distribution of

N(E, S)— (N(E, S))
El/4

converges to the distribution of a difference of two independent identically
distributed random variables, whose distributions coincide with the limit
distribution of F(E)=[N(E)— {(N(E)>]/E'*. The existence of a limit
distribution of F(E) for the circle problem- was proved in refs. 22 and 8.
Results for general ovals were proved in ref. 6 and properties of this limit
distribution were studied in ref. 7. It was shown that in a generic case this
limit distribution possesses a density which decays at infinity roughly as
exp(~ Cx*). [The distribution of F(E) and parameters V,, C, etc., depend
on 7 and on o, but we do not indicate this explicitly. ]

In the regime E— co and S/E'? - z>0, we prove a scaling behavior
of the variance,

Var N(E, S)~ E'*V(E~'2S)

and we compute the scaling function ¥(z) as an infinite series. This gives
V(z) as an almost periodic function, so it is oscillating and has no limit at
infinity. We show that

1T
lim ?f V(z) dz =2V,

T V]
and in a generic case (for instance, for almost all ellipses),
V(z)~z (1.2)
as z— 0. This implies that when z — 0,

Var N(E, S)~ S (1.3)
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which is consistent with a Poisson distribution. The relation (1.2) is
violated in degenerate cases. For instance, we show that for the circle with
center at any rational point o = (a;, «,) the behavior of V(z) is given by

V(z)~Cz|logz], z-0 (1.4)

This anomalous behavior of V(z) is related to an arithmetic degeneracy of
the circle problem: for some k € N there are many representations of k as
sum of two squares, so that there are many lattice points at the circle
{Ix] =k'?}. On the average, the number of representations grows as log k,
which shows up in the log correction to linear asymptotics of ¥(z) as z —» 0.
Note that recently Luo and Sarnak®® found deviations from the Wigner
statistics for an “arithmetic” hyperbolic system (see also the earlier physical
paper'"), which are related as well to an (arithmetic) degeneracy of the
problem. For a circle with center at a Diophantine point « in [0, 173 the
behavior is normal, satisfying (1.3).
We prove also the existence of a limit distribution of

N(E, §)—(N(E, S))
[Var N(E, S)]'?

in the regime S/7 — z. The limit distribution is not Gaussian and in a
generic case its density decays at infinity roughly as exp(— Cx*). However,
when z—0 this limit distribution converges to a standard Gaussian
distribution.

1.2. Precise Formulation of Problem and Results

Let /(x) be a homogeneous convex function of order 2 on the plane,
so that

I(Ax)= A%I(x) >0, Vi>0, xeR:\{0} (1.5)
82I(x) 2
<axiaxj)i.j=l.2>0’ vxeRA{0} (1.6)

We will assume in addition that
I(x)e C'(R?\{0}) (1.7)
Let « € R% Consider
No(E;a)=#{neZ* I(n—a)< E}

which gives the number of lattice points in the convex region
{xeR% I(x —a)< E}. We are interested in the behavior of Ny(E; «) when
a is fixed and E — 0.
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12

In what follows we will use the parameter R= E "* instead of E, and

we define
N(R; o) = No(R%; )

Then N(R; o) has a geometric interpretation as the number of lattice points
inside the convex oval a+ Ry, where y={xeR* I(x)=1}. For large R,
N(R; ) is approximately equal to the area of the interior of « + Ry, which
is

Area{Int(x + Ry)} =AR?, A =Area{Inty} (1.8)
so the problem is the behavior of the error function
AN(R; a)=N(R; o) — AR? (1.9)

Figure 1 presents AN(R; «) for the circle centered at « =0, so that this
is the error function of the classical circle problem. AN(R; «) behaves very
irregularly also for other @, so we may think of AN(R; «) as a random func-
tion of R, and ask, what are the statistical properties of 4N(R;«)? By
statistical properties we mean some averages of functions of AN(R;a),
obtained by weighing R according to some weight. The statistical proper-
ties of AN(R; o) were studied in refs. 22 and 8 for a circle and in refs. 6 and
7 for a general oval curve of the following class, which includes (1.5)-(1.7):

4000 [+ T T T[T T

2000 |

2000 |

B T T —— e

0 10° 2x10° 32107 4x10° sx10°

Fig. 1. Error function of the circle problem.
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Class . yerl ifyis a C’-smooth convex closed curve without self-
intersection in a plane, such that the origin lies inside y and the curvature
of y is positive at every xe7y.

Let us normalize AN(R; o) to
F(R;0)= R~ '"?4N(R; a) (1.10)

and denote by C,(R') the space of bounded continuous functions on R'.
Let

0<e¢,<c, (1.11)

be fixed numbers, and ¢(c) =0 be a fixed bounded density on [c¢,, ¢,] with
normalization

jq o(c)de=1 (1.12)

Theorem A.® Assume yel. Then there exists a probability
measure v (dr) on R' such that Vg(r)e C,(R') and Yo(c),

rli_{nmﬁ TT sLFR; )] @(RITYdR= | g(r)valdr) (1.13)
In addition,
| rer -
Jim [ PR @) @(RIT) dR=J_w v (d)=0 (1.14)
and
lim —— "TF(R;oz)z<p(R/T)au'e=j°o Pvd)  (1.15)
T-w(ca—c) T —c

Note that v,(dt) does not depend on ¢(c). p(c)=1 corresponds to a
uniform distribution of R on [¢,T,¢,T]), and ¢(c)=2(c,+¢,) ' ¢
corresponds to a uniform distribution of E=R? on [(c, T)? (¢, T)*].

Theorem A shows that typical values of AN(R;«) are of order R'2,
and v,(dr) is a limit distribution of R~ '24N(R; a) assuming that R is nicely
distributed on [¢, T, ¢, T] and T co.

In the present work we are interested in the statistics of the increment
AN(R + w; a) — AN(R; «). This increment has a clear geometric meaning as
a difference between the number of lattice points in the annular strip
II(R, w; a) between two ovals, « + Ry and a+ (R+w)7, and the area of
TI(R, w; a). Our aim is to find the statistics of AN(R 4+ w; a) — AN(R; a). To
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formulate the problem precisely, we fix the area S of J7(R, w; a). We will
assume, for normalization, that

Area{Inty}=1 (1.16)
Then w> 0 is a positive solution of the quadratic equation
2WR+w?=§ (1.17)
w=(S/R){1+[1+(S/R*)]"*} "= [S/(2R)1[1+ O(S/R*)] (1.18)
Let
AN(R, S; )= AN(R + w; ) — AN(R; o) (1.19)
with w given by (1.18). Then
AN(R, S;a) = No(E + S;a) ~ No(E; &) — S, E=R?

and the first problem we are interested in concerns the asymptotics of the
second moment of AN(R, S; ),

“"LANR, S:0) o(RITYAR  (1.20)

1
S o) = ———
D(T.Si0) =z |

as T— oo. Our aim is to prove the following scaling of D(T, S; a):

Scaling Behavior.

I lim T-'D(T, S;a)=V(a)>0 (1.21)
S§/T?—0,5/T -
(I1) lim T-'D(T, S;0)= V(z;a) >0, Vz>0 (1.22)
T— 0,S/T—+:
(I lim z='V(z;a)=1 for typical y (1.23)
z—=0

In fact we prove (I) and (II) for all ye I” and we compute ¥(a) and
V(z;a). (III) will be shown to hold for generic y, i.e., when y has no
symmetries which give rise to multiplicities of the eigenvalues. In general,
the behavior of V(z;«) as z— 0 wiil depend on the relevant group of
symmetry. Observe that (III) implies that if S/T is a fixed small number
and T is sufficiently big, then S~'D(T, S; ) is close to 1. For a Poisson
point random field of density 1 in the plane the variance of the number of
points in a domain of area S is equal to S, so Eqs. (1.21)-(1.23) describe
a.transition from a Poisson-like asymptotics at (III) (for typical y) through
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a scaling at (IT) to a saturation at (I). A very interesting problem is to
extend (III) to
(I11") lim S7ID(T, S;a)=1
T—00,5/T—-0

It is generally accepted by physicists that this should hold generically; see
ref. 2 for arguments in this direction. We in fact believe that (ITI1') holds for
every oval y satisfying some Diophantine hypothesis, but we will not
discuss this point in the present article.

The second problem concerning AN(R, S;a) we are interested in is

the existence and the scaling for a limit distribution of appropriately
normalized AN(R, S;a). This will be considered below.

Notation. For £ eR?, £+#0, consider the unique point x(£) ey, where
the outer normal vector to 7, n,,, coincides with [£| ~' £ Denote

Y(&)=¢-x(£) (1.24)

where a-b=a,b,+a,b, for a,beR®. The curve y*={¢& Y(&)=1} is
known as the polar of y. Note that (1/2) Y?(¢) is the Legendre transform
of %I(x),

(1/2) Y*(&) = —xiengz(él(x)—x-.ﬁ) (1.25)

Let 0< Y, <Y,< --- be all possible values of Y(n) with ne Z*\{0}.
Define

u k)= Y% e(n-a)|n| =¥ [p(n)]"? (1.26)

neZ: Yin)=Y;

where p(&) is the radius of curvature of y at x(£) and
e(t) =exp(2rit) (1.27)
Let

1 e
J(P:(CZ—C])L colc) de (1.28)

Theorem 1.1. Assume ye I". Then

-1 T LANR, S;%)] @(R/T) dR

lim T —
S/T = 0.8/T2 =0 (co—c)T /T

= V(a)=J, W(a) (1.29)



176 Bleher and Lebowitz
with
W(a)=n"2 k:i lug(k)) (1.30)
Corollary. If yerl, then
1 T(l + de)

lim lim T — [AN(R, S; )12 dR=W(a) (1.31)

Ac—0 S/T— o0,5/T2 =0 TAc!r

Theorem 1.2, If yer, then

im 7' ——— [T [4N(R $: )] @(R/T) dR
T—w,S/T—z ( —Cl)T aT
~ Viz o) = ———— (7 cole) Wiz/er o) de (132)
(ca—cy) e
with
W(z; a) i lu (k)2 [1 —cos(nY,2)] (1.33)

Corollary. If ye [, then

1 T(1 + 4c)
lim  lim T*‘—f [AN(R, S;0))> dR= W(z;a)  (1.34)

A =0 T~ 00,8/T—z TAdcly

The scaling function W(z;a) represents a local averaging of
[4N(R, S; 2)]%. Comparing (1.31) with (1.34), one would expect that
lim._, , W(z;a)= W(x). Formula (1.33) shows, however, that this is not
true: W(z; «) is an almost periodic function of z, so it oscillates at infinity.
What is true is that on the average W(z; a) converges to W(«), that is,

lim l TW(z;oc)dz= Wi(a) (1.35)

T— o 0

Another interesting problem is to find the asymptotics of W(z; ) when
z — 0. We shall prove that it is universal in a generic situation. To that end,
we introduce the following class of ovals:

Class I'y. yel,if yerl and Y(m)= Y(n) if and only if m=n.

Since I, is defined through a countable number of inequalities
{Y(m)# Y(n),m#n}, we may think of I'y as of the set of generic ovals.
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In the case when the oval y is symmetric with respect to the origin, the
condition that Y(m)= Y(n) only if m=n is certainly violated, since then
Y(—n)= Y(n).

To cover this case we introduce the following class of ovals. Let G be
the group of all isometries i: R* — R? of a plane such that i(0)=0 and
i(Z*)=1Z* The group G consists of eight elements. Let H be a subgroup
of G. We say that an oval y is invariant with respect to H if gy =y for every
geH

Class To(H). yel,(H) if yeI is invariant with respect to H, and
Y(m)= Y(n) only if m = gn for some ge H.

For yeI'y(H) and xeR? consider a subgroup H,< H such that
ge H, if ga=o+n with some ne Z2 Let

my(H)=|H,| (1.36)
be the number of elements in H,.

Theorem 1.3. If ye I'y(H), then
lim z 7 'W(z; a) = m,(H) (1.37)

=0

Remarks. (1) If yel,, (1.37) reduces to lim._ oz 'W(z;a)=1.
(2) Note that if mea+ Ry and geH,, so that ga=a+n, then
gmega+ Rgy=a+n+ Ry, hence gm —ne o+ Ry. For a typical me Z? the
points gm —n, g€ H , are different, and therefore m (H) is the multiplicity
of integer points on a + Ry, caused by the symmetry.

A circle with center at the origin is invariant with respect to G.
However, the circle does not belong to I'y(G), since for some ke N there
exist many different representations of k as a sum of two squares, which are
not related to any symmetry. The number of such representations grows,
on the average, as log k and this shows up in the behavior of W(z;0).

A vector a € R? is called Diophantine if there exist C, N> 0 such that
for all ne Z*\ {0},

ln-al=C|n|~"
Theorem 1.4. 1If y is a circle with the center at the origin, then
lim (z {logz|)~' W(z;a)=C,>0 for every rational a € Q?
=0

lim z = '"W(z;a)=1 for every Diophantine «

=0
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Remarks. (1) From the proof of Theorem 1.4 below an explicit for-
mula for C, follows. For instance, for « =0, C,=6n"". (2) Theorem 1.4
can be extended to any ellipse with rational ratio of squared half-axes
al/al.

Theorems 1.3 and 1.4 are illustrated in Figs. 2-4, which present the
scaling function W(z;a), respectively, for a circle with o= (0, 0), for an
ellipse with ratio of axes 1/m and a = (0, 0), and finally for the same ellipse
with a = (0.1, 0.1). The behavior of W(z;a) as z —» 0 is readily seen in the
figures to be consistent with that given in Theorems 1.3 and 1.4; the slope
being infinite in Fig. 2, 4 in Fig. 3, and 1 in Fig. 4.

Now we consider the existence of a limit distribution of

F(R,S;a)=R™'"? AN(R, S; )

Let v, (dr) be the limit distribution of F(R;a) (see Theorem A above).
Denote by v (dr) the distribution obtained by reflection of v,(dr), so that

r v;(dr):J_” v, (dr)

a —b

Theorem 1.5. If yeT, then Vg(t)e C,(R"),
aT

gUF(R, S; ) @(RIT) dR= [ g(0) n.fer)

lim _—
siT=—ow.5T2m0(c;— ¢ )T 1

with p,=v, *xv_, where * denotes convolution.

10 — T

R
|
t
t
|

P U USRS S W RS

o 2 4 6 8 10
z

Fig. 2. Scaling function of the circle problem.
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Fig. 4. Scaling function for an ellipse with a,/a, = 1/x, 2 =(0.1,0.1).
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A simple explanation of Theorem 1.5 is that when S/T — o, ie., when
the annulus is “thick,” F(R+ w;a) and F(R; o) are independent random
variables in the limit T — co, assuming that R is uniformly distributed on
[c,T,¢c,T], so

F(R, S;a)~ F(R+w;a)— F(R; &)
is a difference of independent random variables.

Theorem 1.6. If ye I, then for every z >0 there exists a probabil-
ity measure p,(dt; z), which depends continuously, in the weak topology,
on z, such that Vg(z)e C,(R"),

im —— (" g(F(R. S:a) o(R/T) dR

T — oo, S/T~:(C2—CI)T o7

[ Cdcwlo) [ gl patdszge)

(C’_Cl
Corollary.
l I L (™" (KR, S:0)) dR = d
S dm gl BP0 R [T g0 s

Theorem 1.7. For every g(r)e C,(R'), (®_ glt)pld;z) is a
continuous almost periodic function in z, and

Tew T

hm— dzf g mldnz)=[" g0 pd)

Our next goal is to describe properties of the measures u,{(dr; z). To do
this, we need some conditions of incommensurability of the frequencies
Y(n). Define M= Z? as M= Myu M, with

M0= {(09 l)a (110)’ (Oa _l)a (_110)}
M, ={n=(n,,n,)| |nl, In,| are positive and relatively prime}

In some respects M plays the role of the set of prime numbers on the lattice
Z*. Define now:

Class I'y. An oval y belongs to I, if yeI” and the numbers
{Y(n); ne M} are linearly independent over Q.

It is clear that I'y = Iy, so I, does not contain symmetric ovals. To
cover the case of symmetric ovals let us consider a subgroup H<G.
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Consider any fundamental domain M(H)< M for the action of H on M,
1e., for every ne M there exists a unique me M(H) such that n= gm for
some g € H. Define:

Class I',(H). An oval y belongs to I'|(H)} if y is invariant with
respect to H, and the numbers {Y(n); ne M(H)} are linearly independent
over Q.

As an example consider

8o (X1, X3} = —(xy, x3), g1 (x1, X3 (—xy, X3)
g2 (xy, x3) = (xy, —x,)

and

Hy= {Id, go}
H,;,={1d, go, &1, &}

which are, respectively, the symmetry group with respect to the origin and
the symmetry group with respect to the coordinate axes. A general class of
ovals which belong to " \(H,) and I';(H,,) is described in ref. 7. A charac-
teristic example is an ellipse with transcendental ratio of half-axes.
In general, the condition that the numbers Y(n), ne M(H), are linearly
independent over Q (or, equivalently, over Z), is equivalent to a countable
number of inequalities

M=

re Y(n,)#0, r.el

k=1

and this condition can be viewed as a condition of a “generic” situation.

Theorem 1.8. If yeI'|(H) for some Hc G, then for every z>0,
s, ldt; z) possesses a density

dt z
polt; 2y = Pl D)

dt
which is an analytic (entire) function of te C, and for real 1, Ve >0,

0< p.(t;2) < Cexp(—4r*) (1.38)
P(—12), 1 =P (1;2)=2 Crexp(—A1**"), 120 (1.39)

where P (t;z)=["_ p.(t';2z)dt and C, A, C,, 2,>0.
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Theorem 1.9. The previous theorem holds for a circle with the
center at the origin, with a slightly weaker estimate, instead of (1.38):

0< pu(t;2) < C exp(—4,.1°7°)
P (1.40)
Pa(_t;z)al—Pa(’;z)ZC;exp(—A;t4+ﬂ)’ t>07 Ye>0

If p(dt} is a distribution of a random variable ¢ with zero mean,
denote by ji(dt) a distribution of the normalized random variable
E/(Var &)'2. Then

r =1

Now we describe the limit behavior of the measure /i ,(dr; z) when z — 0.

Theorem 1.10. If yeI',(H) for some H <G, then lim. _, , fi (dt; z)
is a standard Gaussian distribution.

Theorem 1.11. If y is a circle with the center at the origin, then

lim f,(dt; z)

20

is a standard Gaussian distribution.

The proof of the above results makes use of the fact, first noted by
Heath-Brown,*? that the parameter R in F(R;a) can be thought of as a
time parameter in a flow on an infinite-dimensional torus. Statistical
properties of F(R; a) are therefore related to ergodic properties of almost
periodic functions. These in turn can be obtained by suitable approxima-
tions as quasiperiodic functions, i.e., by flows on a finite-dimensional torus,
which is a part of standard ergodic theory. To carry out this program we
devote the next section to the derivation of some general result on the
ergodic properties of almost periodic functions in the Besicovitch space B>
Before doing that, however, we restate a theorem from ref. 6 which shows
that F(R; «) belong to B>

Theorem B. Ifyel, then for every a e R%, F(R; a), as a function of
R, belongs to the Besicovitch space B A Fourier expansion of F(R;«) in
B? is given by the formula (see Section 2)

FRyo)==n""' Y |n|=*2[p(n)]" cos[2nRY(n) + ¢(n; x)] (1.41)
ne Z7 {0}
with

<;$(rl;0t)=21m-oz—g;E
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Using the notation (1.26), we can rewrite the Fourier series (1.41) as

F(R;a)=mn"" i |u (k)| cos <2nYkR+9a(k)—¥), 0. (k)=argu,k)
k=1
(1.42)

We shall derive Theorems 1.1, 1.2, and 1.5-1.7 from Theorem B and
some general results on almost periodic functions in B> These general
results are formulated and proved in the next section. To prove
Theorems 1.3, 1.4, and 1.8-1.11 we need more refined arguments.

2. SOME GENERAL RESULTS ON ALMOST PERIODIC
FUNCTIONS

In this section we will prove some preparatory results on a limit
distribution of the values of an almost periodic function. We will use the
Besicovitch space B” of almost periodic functions. A function F(R) on
{0<R< 0} belongs to B? if for every >0 there exists a trigonometric
polynomial

Nf.
P(R)= ) a, exp(il, R) (2.1)
n=1
such that
. 17
lim sup—j |F(R)— P(R)|?dR <¢ (2.2)
T—oc T 0
For F(R)e B* we can define'¥
. 1 (7 1/2
||F(R)||82=< lim —f IF(R)lzdR) (2.3)
T = T Q
It is to be noted that |[-| 5 is only a seminorm and not a norm, ie.,

|F(R)]| 52=0 does not imply F(R)=0. For instance, if lim,_ . F(R)=0,
then | F(R)| ;2=0. The Fourier coefficients of F(R)e B? are defined as

a(2)= lim %jor F(R) exp(—iAR) dR (2.4)

It is known that a(4) #0 at most only for countably many A=4,, neN,
and that | F(R)| gz=0 if all a(4,)=0. We shall use the notation

F(R)= i a(4,) exp(ii, R) (2.5)

n=1

which shows that a(4,) are the Fourier coefficients of F(R).

822:74/1-2-13
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For F(R)e B? we have the Parseval identity'*

i
im ~ [ \FR)2dR= S la(1,)? (2.6)
Tox T n=1
and
N 2
lim lim suij 'F(R)— Y a(i,)exp(il,R)| dR=0  (2.7)
N—= oo

n=1

If F(R) is real-valued, then a(—4,) = a(4,,), and the Fourier series (2.5) can
be rewritten as

F(R)= }, b(4,)cos(4,R+¢,), 2,20 (2.8)
n=1
Then the Parseval identity has the form
(IF(R) g2)* = b(0)* + (1/2) 3. b(4,) (2.9)
nl,#0
We have also a more general formula:
1
Tlim ?J F(R+1) F(R)dR=5b(0)*+(1/2) Y. b(4,)*cos(4,1) (2.10)
- nip#0
The Schwarz inequality and (2.2) imply
i o7
lim sup?J. min{1, |F(R)— P,(R)|} dR <¢& (2.11)
0

T— o
We shall use the following theorem from ref. 6.

Theorem C. If F(R)e B? then there exists a probability distribu-
tion v(dx) on R', with a finite variance [ x?v(dx), such that for every
probability density ¢(x) on [0, 1] and every bounded continuous function
g(x) on R',

1T w
lim o[ g(F(R)) o(RIT)dR= [ g(x) vid) (2.12)

T—

In addition,

lim HT F(R)dR= r xv(dx) = a(0)

T— o 0 — o
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and

: 17 2 d * 2
lim ?L |F(R)| R=J'_® x2v(dx)

The distribution v(dx)} defined by (2.12) is called the distribution
of F(R).

The definition of the space B* and all the discussed properties of almost
periodic functions from the space B2, including Theorem C, admit a straight-
forward extension to vector-valued functions F(R)= (F,(R),..., Fi(R)).

We shall call a joint distribution of k almost periodic functions
F\(R),.., F,(R) the distribution of the vector function F(R)=
(F\(R),..., Fi(R)). Here, in principle, F;(x) can also be a vector-valued
almost periodic functions, but we shall not use this case.

It is noteworthy that if the Fourier frequencies

{20, (A%}

of F\(R),..., F,(R) are linearly independent over Q, i.e., if

Ny
{1 1 k)atk)y — i)
Y oAy +Z r3 =0, reQ
n=1 n=1
implies
N Ni
(1) () — (k}ytk)
Z’n j’n —"‘—ZI‘" )‘n =0

n=1 n=1

then a joint distribution of F((R),..., F,(R) is a product of the distributions
of F\(R),..., Fi(R), so that F,(R),..., F.(R) are independent.
We shall prove the following theorem:

Theorem 2.1. let F(R)eB? and w=wgR)>0 be a positive
solution of Eq. (1.17). Then for every ¢(c)e L*([c,, ¢,]) which satisfies
(1.12) and every continuous function g(x)= g(x,, x,) on R? such that
g(x,, x,) = O(x? + x3), when x} + x3 > o0,

lim — f T S(F(R+wy(R)), F(R)) o(R/T) dR
)T aT

SIT—o0,85/T2 =0 (€2 — €,

_j j g(x,, x;) v(dx,) v(dx,) (2.13)

where v(dx) is the distribution of F(R).



186 Bleher and Lebowitz

The condition S/T — oo implies that wy(7T) — o0o. Theorem 2.1 shows
that in this case, assuming also that §/T2 —0, F(R+ wg(R)) and F(R) are
asymptotically independent. A heuristic explanation of this result is that the
averaging in two different scales, R and w(R), is independent in the limit
T — o0.

Proof of Theorem 2.7. We will prove (2.13) first in a particular case,
when g(x)= g(x,, x,) € CF(R?), ie., g(x) is a C*-function with compact
support, and ¢(c)=1. We will then consider the general case.

The condition g(x)e Cy(R?) implies that for all x, y e R?,

lg(x) —g(¥)| < Comin{l, [x—y|} (2.14)

with some Cy> 0. So from (2.11),

@2

-
—_— F(R+ wg(R)), F(R))
o), PR+ (R, R
—8(PAR+wg(R)), P.(R))| dR<C,e (2.15)
with some C,>0.
We can choose frequencies w,,..., w,, which are linearly independent

over Q, such that all 4, in (2.1) are linear combinations of w,,..., w,, with
integer coefficients. Then

P(R)= Y a, exp(inwR) (2.16)

neM

where M cZ* is a finite set of multi-indices »n=(n,,..,n,) and nw=
nw,+ --- +n.w,. Define

Aty i)=Y a, explint) (2.17)

neM

with t=(r,.., t,) and nt=n;t,+ --- +n,t,. Then
P(R)=A,(w,R,.., o R) (2.18)

hence

aT
@—e)Tl.s g(P.(R+ ws(R)), P.(R))dR
1 |

1 T
e T s g(Afw,(R+ws(R)),.., ox(R+ ws(R))),
1 L

A wR,..., 0. R))dR
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We will use the following general formula: If f(R) is a bounded continuous
function on [0, o), then for U, T — oo with U/T -0,
1 aT
_ R)dR
(CZ—Cl)TICIT SR)
1 T | rR+U
= — f(Q)dQ dR+ O(U/T) (2.19)
(c2—c)T e Ur

Indeed, the integral on the RHS is equal to

1
—_— dQ dR
(Cz_cl)TUJ]{qT$R$qT.O$Q—RsU}f(Q) ¢

——l IUH
(cy-¢y) (O T<KQ<aT.0SQ— RS U}
——l j
(c2—e)Tqr<o<ar

S(Q)dQ dR + O(U/T)

}f(Q)dQ+0(U/T)

which coincides with the LHS up to O(U/T). Equation (2.19) implies that

1 al
(C_C—)TJ. _8(PAR+ws(R)), PAR)) dR
27 6 o
1 al | (R+U
=m T E R g(Pg(Q'f'WS(Q))’ P,(Q))dQ dR + O(U/T)
2 1 I3}
(2.20)
From (1.18),
Iws(R) —ws(Q)| <C|R—Q| ST2< CUST2 221)

when ST 2«1, RESO<R+U,0<U<LT,and 1 €, T<R<¢,T, hence

1 QT | R+U

o), Ul 8PL2+wsQ). PUQ)) dQ dR

1 T 1 R+ U
ST Ul g(P(Q +ws(R)), P(Q))dQ dR+ O(ST?)
(2.22)

Using the ergodic theorem (see, e.g., ref. 16), we have that for every 6 >0,
there is an Uy(d) such that

1 (R+V :
(5 | EAL@UQ + Ws(R)) 0@+ WS(RI)), A1 Qo 0 0)) 4Q

—'[ g(A,(t, + @, Wg(R),..., 1 + 0, Ws(R)), A(1y,..., 1)) dt] < /2
T*
(2.23)
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when U > Uy(d). When this is combined with (2.18)-(2.22), it yields

T

g(P(R+ws(R)), P(R)) dR — j dt——c—r " iR
- ] o T

(cy—c)Tiqr

xg(A,(t; + 0, wg(R)yoo, 1 + W Wg(R)), A (s 1)) <6 (2.24)

whenever T and $~ 2T are sufficiently large.
We will prove now that

ol

g(A (1 +ws(R)w), 4,(1)) dR

li P
S/T— a;,rg/rl—»o (ca—c) T r
=] stau(s) 400 ds (225)

where t=(t;,., ), 5=(815.., 8;), and w=(w,,.., w,). Moreover, the
convergence in (2.25) is uniform in e T*.
Define y =wg(R). From (1.18),

S 2
y=35g 1+ 0(5/T7)

dR

S 2
3= "oy

when R=c¢, T>» S'?, so

TT)TJ , g(A4, (1 +wg(R)w), A,(t)) dR
1 4]

1 wiley T) dR
T g(An(t+yw),An(t))g};dy
1 2\ T)L's S
=m et s g(A,(t+yw), A (t)) dy+O(S/T ) (2.26)
Define 1= S/T and
XX,

(Po(x)-—'m

with

xl=(2c2)", x2=(201)_1
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Then {32 @o(x) dx=1 and
1 (2e1T)-''S

S
—_ At +yw), A(t) — d
)T (kzr)_lsg( (t+yw) ())2y- ly

1 xT
= —f g(A.(t+ yw), A (1)) @o(y/t) dy

Tdxe

By the ergodic theorem the last integral converges uniformly in feT¥,
when 7 — o0, to

|, g4.(s) () ds

which implies (2.25).
It now follows from (2.24), (2.25) that

1 aT
——c)Tf _ 8(PR+ws(R)), PR)) dR

lim
SIT = 2,85/T2=0 (Cy
=[ [ a(aus), a0 dsan (2.27)
T JTF
Let

y,(B) = j dr

{r: Ac(1)e B}
be the distribution of A4,(¢). Then we can rewrite (2.27) as

im  —— (" g(P.R+ws(R)), P.(R)) dR

§iT—»o0,5/T2m0{cy— )T o7
=[" 7 glri xa) vildx,) vitax) (2:28)

By the ergodic theorem,

Tim. ﬁ s(PR) aR=[ A0 di=[" gx)v(an)
(2.29)
for every g(x)e C(R"). By Theorem C,
1 arf ©
Jim 2| s(FR) dR= j_w g(x) v(dx)
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and by (2.11),

a7
i eT )., 18R dR—g(P.(R)) dRI < Coe

SO

tim [~ g(x)vc(dx)=fw g(x) v(dx) (2.30)
£e—=09J_n ¥

Now (2.28) together with (2.15), (2.30) implies

" g(F(R+ ws(R)), F(R)) dR

lim _—
sIT=0.8/72~0(Co—c ) T7e1

=[] glxr, x) v(dx,) vidxy)
Hence (2.13) is proved in the particular case when g(x,, x,)e CJ°(R?) and
elc)=1.

By implication (2.13) holds in the case when g(x,, x,)e C5° and ¢(c)
is a stepwise function with a finite number of steps. Now every
o(c)e L*([c,,c,]) is a limit in L'-norm of stepwise functions; hence,
again by implication, (2.13) holds in the case when g(x,, x,) € CZ(R?) and
o(cye L=([cy, c2])

Assume now that g(x,, x,) is a continuous function with compact
support. For every ¢ >0 there exists g,(x,, x,) € CZ(R?) such that

sup {g.(xy, x) —g(x;, xy){ <&

X1,x2

Hence
aT

—_— |g(F(R+ ws(R)), F(R)) —g(F(R+ wg(R)), F(R))| dR<¢

(cx—c))T/yr

Thus it follows that (2.8) holds for every continuous function g(x,, x,)
with compact support.
The condition F(R)e B? implies that

. . 1 T
lim fim sup ———— [ [F(R)I? xray > )(R) AR =0

4= Tow (c;—c)T/) 7

Let ¢(y)e C*(R') and
=0 if |yl>24
Y(y)4 =1 if |yi<4
ef0,1] otherwise
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Assume that g(x), x=(x,, x,), is a continuous function such that g(x)=
O(|x|?) as |x] = c0. Then

lim lim sup

A—-oc T—ox

1 T
TTeTT). . sFREwe(R)), FR)
2 1 i

x [1=y(IF(R)| + [F(R)+ws(R))|})] dR

2

1 T
<C, lim ———— FOR)? R
Camwn(ca—c))Tyr LIECR)I® Xqircrn > 4)(R)

+|F(R+ WS(R)HZ X{]F(R+ws(k))[>A)(R)] dR=0

Hence, by implication, (2.13) holds for every continuous function g(x,, x,)
with g(x)= 0(|x]?) as |x| = co. Theorem 2.1 is proved.

Assume F(R)e B2 Denote by v(dx,, dx,; z) a distribution of the pair
(F(R + z), F(R)), ie., for every continuous function g(x,, x,) on R?,

T = o

. 1 T x* oL
lim ?L g(F(R+z2), F(R))dR=f7 ) j_x g(xy, x3) v(dx,, dx,; z)

Theorem 2.2. Under the same assumptions as in Theorem 2.1,

[}

lim ! Tg(F(R+ws(R)), F(R)) ¢(R/T)dR

TowsiT—:(C,—c )T )er

=<} el 1 2
= [ etxix) [ deote)vidn, dxsiz2e))  (231)
-0 - 2 1°¢

and

1
lim lim
dc—0 T—o.5/T—z 1 dcC

T(1 + 4¢)
J sFR+w(R)), F(R)) dR

=[7 7 stxn x) vidv, desz2) (2.32)

Proof. The proof goes along the same lines as the proof of
Theorem 2.1. Moreover, in the derivation of the estimate (2.24) we used
only that T— o0 and §/T? -0 (and not that S/T — o), so we can apply
(2.24) also in the present proof. Assume that g(x,, x,) € C(R?). Since

ws(R) ~ S§/(2R) = z/(2c)
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with z=S/T, ¢ = R/T, (2.24) implies

€2

T
lim ———— [ g(P(R+w(R)), P(R)) dR
Tow (c3—c)T o

=1 dt !
T C3—Cy
i P o a0
=——[Tde [ [ glxi, xa) vildx,, dxyi 2/(2c)

Cz—"cl ] -t -

jrz de g{ A1 + wz/(2¢)), A1)

where v (dx, dx,; z) is a joint distribution of A4,(r+ wz) and A4,(¢). Letting
¢ — 0, we come to (2.31).

Since %, j°_°m g(x,, x,) v(dx,, dx,; z) depends continuously on z,
(2.32) is a consequence of (2.31). Theorem 2.2 is proved.

We shall also use the foillowing general result:

Theorem 2.3. Assume F(R)e B> Let v(dx, dx,; z) be a probability
distribution of the pair (F(R}, F(R+1z)), and v(dx) be a probability
distribution of F(R). Then for every continuous function g(x,, x,) which is
O(jx,|? + |x,}|?) at infinity,

1R =" 7 e, x) wdx dxg;2) (233)

is a continuous almost periodic function in z, and

] T o
lim = Iz F)dz= j

T— o

[ gl xa) vdx)) vidws) (234

— a0 — O

Proof. We have

I(z; F)= lim 1T " g(F(R), F(R+ 7)) dR
]

To o
Assume g(x)e CP(R?) and P,(x) is a trigonometric polynomial satisfying
IP(R)— F(R)| ;:<¢

Then
U (z; F)—I(z; Pl < C(g)e (2.35)
Now,

P(R)=A/w,R,.,w;R)
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where A, is a function on T* and w,..., w, are incommensurate. It implies
that

I(zP,)= Lk (A1), A(t + z0)) dt (2.36)

Let M =sup, 1+ |A4,(¢)|. Consider a polynomial p,(x,, x,) such that

sup  [p(xy, x5)—glxy, X)) <

It € M

Then
|1,(z; P)—I(z; P.)I <¢ (2.37)

Since I,(z; P,) is a trigonometric polynomial in z, estimates (2.35), (2.37)
prove that if g(x)e C5°(R?), then I (z; F) is an almost periodic function
in z.

By implication it holds also for every continuous g(x) which grows at
infinity as O(|x|)%

From (2.36) and the ergodic theorem,

N
tim = [ Lz Pyde=[ [ g(A0, Ads) d ds

Tox

= wa J:O g(xy, x2) v (dx,) v (dx,)

Letting ¢ —»0, we obtain, with the help of (2.30), the formula (2.34).
Theorem 2.3 is proved.

3. PROOF OF THEOREMS 1.1 AND 1.2
Proof of Theorem 1.71. We have
AN(R, S; )= AN(R+ wg(R); ) — AN(R; a)
=[R+ws(R)]"* F(R+ ws(R); &) — R'*F(R; )
= R'2[F(R+ws(R); 2) — F(R; )
+ O(SR™**IF(R+ ws(R); 2)|) (3.1)
since by (1.18),

w=ws(R)~S/(2R),  [R+ws(R)]"?— R~ S/(4R°?)
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Due to the triangle inequality, (3.1) implies

1 al 172
(m _|4N(R, S; )l @(R/T) dR)
2 1 |

1 aT 1/2
:<m ) IF(R+Ws(R);Ol)—F(R;Of)|2Rw(R/T)dR>
274 <y

*1— o X 32 ‘ ) 12
+O<<(C2—C1)T FIT(SR )" IF(R+ws(R); )| a'R) )

2T 172
= <———1—- |F(R+ws(R); a)— F(R; «)|* Ro(R/T) dR)

(ca—e)Tyr
+0(ST_3/2)
since
1 «aT ,
e Ter |F(R+ws(R); «)|" dR
2 <l
] T +wgleaT) dR
- F(R; 0) S dR' = O(1
(¢~} T rnT+u's(<'1T), ( I dR’ m

where R'= R+ wg(R). Hence

[ a ¥ 172
lim (T‘l (—— |AN(R, S; 2)|? ¢(R/T) dR)

T %,8T?=0 c,—c)Tqr

1
= lim (T"
(

T— 0. 85/T2=0 c,—¢c))T

x [ IF(R+ w(R);2) ~ FOR; ) Ro(R/T) "R)m

aT

or equivalently,

i aT
li T-! AN(R, S; a)|? @(R
, Jim (cz—c,)TL,T' (R, S;2)|* o(R/T) dR
1
= li T—!'—
r-oo.l?/lrzao (¢, —c))T

qu: |F(R +ws(R); @) — F(R; 2)|? Ro(R/T) dR (3.2)

cy
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By Theorem 2.1,

I T
I T-'———— | |F(R+wy(R);a)— F(R; )|’
S/T—»acl.nsl/rl_.o (e T ”TI (R+wg(R); ) — F(R; a)|” Ro(R/T) dR
. 1
=J lim

s xsri—o{c,— )T

« [ IF(R + ws(R); &) = F(R: @)1* @o( RIT) dR

o T

= [ 7 i) valdx) vytdva) = T, Wia)

- - T

where @, =J 'co(c),

1 e
= d
Jo (CZ_CI)‘[H epleyde
and
W(ot)=2J.I x*v,(dx)
Thus
' 1 2T d
i 7' —— (" |4N(R, S;2)? dR =
S/T—-:!!?;/Tz—'o (Cz—c,)TLr| (R, S;o)I"dR=J, W(a)

Now Theorem C, the Fourier expansion (1.42), and the Parseval identity
(2.9) lead to

[7 xvia=027 2 3 ko (3.3)
o k=1

Hence

Wa)=n"2 3 |udk)®

k=1

Theorem 1.1 is proved.

Proof of Theorem 1.2. From an analog of (3.2) where (S/T)—:
instead of (S/T?)— 0 and Theorem 2.2,
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1 ar

im T ——— [ JAN(R, S 0)1? 0(R/T) dR

T o.5/T—z (co—c )T/

— dim T ——— " |FR+ ws(R); 0)— F(R; 0)]? Rp(R/T) dR
T— o, S/T—z ( —CI)T aT

-[" f Xy — x,? f de co(c) widx,, dx,; z/(2¢))
~o - (Cz

(CZ_C ).[r co(c) W(z/c;a)

with
Wi(z; a)—J. j —x5|? v(dx,, dx,;2/2)

= lim % |F(R +2/2; &) — F(R; a)|% dR

T—-x

Now, from (1.42),

F(R+z/2;0)— F(R; &)

=717—I i |u:x(k)| {COS [:27[<R+%) Yk+6 (k)_;:_ﬂjl

k=1
3n
—cos [ZnRYk+ 8 (k)——]}

o

=—2n"" Y u,(k)sin (”ZZY")

k=1

. z 3
x i [Zn <R+Z) Y +6 (k)—f] (3.4)

so, by the Parseval identity (2.9),

lim —f |F(R+z/2; &) — F(R; «)|* dR

T >

-2 g| L(k)|? sin ( Z;*)

-2 i [u(k)|? [1 —cos(nzY,)]
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and so
W(z;a)=n"2 ) lu,(k)|* [1—cos(nzY,)]
k=1
Theorem 1.2 is proved.

4. PROOF OF THEOREMS 1.3, 1.4

Proof of Theorem 1.3. Assume first that ye I'y,. Then Y(m)# Y(n)
for m # n, hence (1.33) reduces to

W(za)=n"2 Y  |nl=?p(n){1—cos[n¥(n)z]}
neZN{0}

=2n"2 Y |n| 73 p(n)sin’[nY¥(n)z/2] (4.1)

neZM{0}
so that
T W(ma)y=n~' Y |anz/2|? p(nnz/2) sin*[ Y(nnz/2)](nz/2)?
nezZM {0}

Here we used the fact that p(1&) = p(&) and Y(A&)=1Y(¢&) for every A >0,
and we reduced z~'W(z; a) to an approximating sum to the integral

S NGE S O

In the Appendix we show that

"_'f f |&] 73 p(&) sin? Y(&) dE =1 (4.2)

SO

lim z7'W(z;0)=1
=0
which was stated.
Assume now that y e I'y(H). For the sake of simplicity we will consider
H={Id, g,}, where g,: (x|, x,) = (x,, —x,). The general case is treated in
the same way. In the case under consideration

2 if a5 is half-integer
1 if «,is not half-integer

ma(H)={
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so we have to show that

if a5 is half-integer

2
= e ) =
lim 27 Wiz o) {1 if o, is not half-integer

Define

P={(n,,n)eZ*n,=0}

so that P consists of fixed points of g,. From (1.26), if Y(n)=Y,, then

2 |cos(nya)| - |n| =¥ [p(m)]?  if n¢ P

'u“(k)lz{m]‘m [p(n)]"? if neP

so (1.33) reduces to

W(z;a)=4n"% 3 cos’(2mn,a,) |n| =2 p(n) sin’[(nY(n)z/2]

n¢ P

+ 2772 Y |n| 77 p(n)sin’[nY(n)z/2]

ne P\{0}

=4n"* Y cos’(2mn,yay) |n| 72 p(n) sin?[n¥(n)z]
ne ZM {0}

=2n=% Y |n| 73 p(n)sin’[nY(n)z/2]

ne P {0}

= Wy(z;0) = Wi(z; ) (4.3)
with

Wolz;a)=4n=2 Y cos’(2mn,a,) |n) ~2 p(n) sin®[n¥(n)z/2]  (44)
ne ZA1 {0}

Wiza)=2r"2 3 [n| 7 p(n)sin’[nY(n)z/2], n=(n,,0) (4.5)
neZ\{0}

Assume first that a5, =0 or 1/2. Then

Wo(z;)=4n"2 Y |n|7? p(n)sin’[nY(n)z/2]

neZ)\{0}

which is twice the sum in (4.1), so the same computation as before leads
to

lim z7'Wy(z; 2) =2 (4.6)

z—0
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Now,
Pt :—l
Y n?sin’[aY(n,,0)z]1<Cz? Y n;'<Cy2? |log z|
m=1 n =1
and
Y ntsin’[nY(n,,0)z1< Y n?<C, 22
n|=:_l ==
hence

0< W, (z;2) < Cz2? |log z| 4.7)

From (4.3)-(4.7),

lim z='W(z;a) =2

z =0

which was stated.
Consider now the case when a, is not half-integer. Substituting

cos?(2nn,a,) = [1 + cos(4nn,a,)]/2
into (4.4), we obtain that
Wolz; ) = W(z; ) + Wy(z; a)
with

Wiylz;a)=2n"2 Y  |n|=? p(n)sin’[nY(n)t/2]

ne Z7\{0}

and

Wi(z;a)=2n"% Y  cos(4mn,a,) |n| 2 p(n) sin®[nY(n)z/2] (4.8)

ne Z1\ {0}
Since W,(z; «) coincides with W(z; a) in (4.1), we obtain that

lim z7'Wy(z; ) =1

=0
Let us prove that

lim z7'"Wy(z; ) =0 (4.9)

=0

822,74/1-2-14



200 Bleher and Lebowitz

The idea is to apply the Abel summation formula to (4.9). Let us fix n, =
and denote

a(k) = cos(4nkoa,)

and
b(ky=|n|"? p(n)sin’(nY(n)z/2], n=(j, k)
We have
Y atk) k)= Y, AR, (k)= b,(k+1)]
k= - k= —o
with
a(l)+ --- +a(k), k=1
A(k)=<0, k=0
—alk+1)— --- —a(0), k< -1

Since «, is not half-integer,
itk)
lA(k) =] Y cos(4mia,)
i= ig(k)
is uniformly bounded in k. In addition,
|b,(k)—b;(k + 1)) < C{|n]~*sin’[nY(n)z/2] + |n| =% z |sin[n ¥(n)z/2]| }

SO

IWiza)l <Co 3, {Inl~*sin’[n¥(n)z/2] + |n| > z |sin[n Y(n)2/2]|}

neZW\{0}
(4.10)
Let us show that
Y. In|=*sin?[nY(n)z/2] < Cz? |log z|
neZ®\{0} (411)
Y, (nl7’zsin(nY(n)z/2]| < Cz? (log z|
neZ)\{0}

We have

Y Il Ttsin?[nY(n)z21< Y Clin|"222<C,2% |log z|

O0<gin|<1/z O |n| < 1/z
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and

Y InlT*sin’[nY(n)z/2]< Y. |n|7*<C,z?

nl=1/z Jn| 2 1/z

which proves the first part of (4.11). The second part is established in the
same way.
From (4.10), (4.11),

Wi(z;0)=0(z* [logz]), z-0
which proves (4.9). From (4.9),

lim z7'W(z;a)=1
z—=0

which was stated. Theorem 1.3 is proved.

Proof of Theorem 1.4. When 7y is the circle {|x| =n""2} of area 1,
then Y{(n)=n""2|n|, p(n)=n"""2, and (1.33) reduces to

Wiz a)y=2n""2 3 |r,(k)|? k= sin*(n'?k'?z/2) (4.12)
k=1
with
r k)= y e(na)
nEZz:nf+n§=k
Define

Y(&)=E~¥2sin?(E1?), 4 =mnz*/4 (4.13)
Then (4.12) is equivalent to
T Wiz a)=n"2 Y |r(k)|*¢(kd)4 (4.14)
k=1
We shall use the following result from ref. 9.
Theorem D. For all rational xe Q?,
N
lim (Nlog N)™' ¥ [r,(k)I?=C(2)>0 (4.15)
N~ k=1 '
For all Diophantine «,

N
lim N°' S [r(k)P=n (4.16)
N> o

k=1
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Remark. Actually in ref. 9 an explicit formula was derived for C(a).
For a =0 it gives C(0)=3.
Consider

Ha,a+¢d)= ¥ |rk) 2 (kd)d, O<d<e<a

kiaskd<a+e

Let us replace y(k4) by y(a) in the RHS of the last formula and estimate
the error coming from this replacement:

|I(a, a+¢&; d)—(a) S(a,a+¢,4) < Cefgla) S(a,a+e; 4) (4.17)

where

S(a,a+¢e 4)= y jr. (k)2 4

kias<kd<a+ce

and
Yo(8)=E7?

Assume a € Q2. Then from (4.15),
S(a,a+¢ 4)=C(a){(a+e)log[(a+e)/4]—alog(a/d)} + o(llog 4])
=C(a)e |log 4] +o(jlog 4]), 40 (4.18)
(4.17) and (4.18) imply
|I(a, a+¢; 4) — C(a)| log 4 [¥(a)e] < C |log 4] Yola) e2, A< do(e) (4.19)

Summing up this estimate for N adjacent intervals [a+ jg, a+ (j + 1)e],
j=0,.., N—1, we obtain that

N1

I(a, b; 4)— C(a) llog 4] Y, y(a+ je)e

j=0

N—-1
<Cllogd| Y Yola+je)é?, b=a+ Ne

ji=0

which implies

I{(a, b; 4)— C(a) |log 4| Jb v(t) dt‘ < G |log d] ¢, Co=Cola) (4.20)

It remains to estimate I(0, a; 4) and I(b, 0; 4).
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Assume a < 1. Then (&) is a decreasing function on (0, a); hence
l(a/2, a; 4)< Y (a/2) S(a/2, a; 4)

Now

S(a/2,a; 4)<S(0,a;4)= ). |r,(k)|* 4< Calog(a/4)< Ca |log 4|

kika<a

SO

I(a/2, a; 4) < Cy |log 4| Y(a/2)(a/2)
Replacing a by a2/, we obtain that
Ia2=7=',a277,4)< Cy log 4| (a2 7~ "ya2 771, j=0,1,.,J (421)
where
J=min{j:a27/< 4}
Summing up (4.21) in j=0, 1,.., J, we obtain that

10, a; 4) < C, |log 4| jo (&) dé (4.22)

Assume b > 1. Then along the same way we obtain that
I(b, 2b; )< Co log A| (b)b, Y (E)=¢"(1+¢7)

and then that
b, 00 4)<C, llog 41 [ (&) d (4.23)

Choosing a <1 and b3 |, and then ¢ < min{a, C; '(a)}, where Cy(a) is the
constant in (4.20), we obtain from (4.20), (4.22), and (4.23) that

I(0, o0; 4) = C(a) |log 4| '[000 Y(&)dé + o(|log 4|), 4-0 (4.24)
By (4.14), z7'W(z; a) = n ~2I(0, 00; 4). In addition,

[Twerde=["ersingrdg=2[ n-sin*ndn=n
0 0 Q
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Therefore
z7'W(z;a)=C(a) n ! |log 4] + o(]log 4|)
or, since 4 = nz*/4,
z7'W(z;a)=2C(a) n " |log z| + o(|log z|)
Hence
_li_rg (zllogz|)~* W(z;a)=2C(a) ™!
Thus the first part of Theorem 1.4 is proved.
Assume now that « is Diophantine. Then by (4.16),
S(a,a+¢ 4)=ne+o(1), 4-0
Hence (4.17) implies that
| I(a, a+&; 4)~ne| < CYola) €2, A< Ay(e)

Now, along the same way as we derived (4.24) for rational a, we arrive at
10,005 4) =7 [ W(&)dE+o(l)=m+o(l), 40
0

This implies
z7'Wi(z;a)=n"(0, 0; 4)=1+0(1), z—0

which proves Theorem 1.4 for Diophantine a.

5. PROOF OF THEOREMS 1.5-1.7
Proof of Theorem 1.5. By (3.1)

F(R, S;a)=F(R+ wg(R); a)— F(R; a) + O(SR™? |F(R+ ws(R); «)|)

Hence assuming g(x)e CZ(R'), we obtain that

T
o7, sFR S;0) o(RIT) dR

1 T
“(ci—c )TJ _ 8(F(R+ws(R); ) — F(R; o)) 9(R/T) dR + O(ST~?)
(5.1)
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By Theorem 2.1,

" g(F(R+ws(R); @) — F(R; #)) (R/T) dR

C
P
SIT= w512 w0 (Cy— )T ey 7

=] L st vt v = )

Hence

el

g(F(R, S;a)) o(R/T) dR = j g(x) (dx)

S/T— gng/rl -0 m oT
By implication this equation holds for every continuous bounded function
g(x). Theorem 1.5 is proved.

Proof of Theorem 1.6. From (5.1) and Theorem 2.2 we obtain that
1 aT

lim —_— g(F(R, S;a)) o(R/T)dR

Toowo STz (C3—C)T T

=Ji° J‘j’ g(xl*xz) )J dec @(c) v(dx dxy; z/(2c))

where v, (dx,, dx,; z) is a joint distribution of F(R; «) and F(R+ z; a). Let
u.(dx; z) be a probability distribution of a difference &, — &, of two random
variables, whose joint distribution coincides with v (dx, dx,; z/2). Then

77 stxi—x) wtdx dxiz)= | gtuidaz)  (52)
Hence
1 aT
lim _— g(F(R, S;a)) (R/T)dR

Tow.85T—z(C—c)T et

_(cz—C)'[ dCQD(C)J.iO g(x) pu(dx; z/c)

Theorem 1.6 is proved.
Proof of Theorem 1.7. Almost periodicity of

[ 00 uatax 2)
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follows from Eq. (5.2) and the first part of Theorem 2.3. The value of

T-w T

T o0
1m11j ﬁf g(x) p(dx; 2)
0 —w

follows from (5.2) and the second part of Theorem 2.3. Theorem 1.7 is
proved.

6. PROOF OF THEOREMS 1.8, 1.9

Proof of Theorem 1.8. For the sake of simplicity we will assume
yeI';. The case ye ' |(H) is treated similarly. By (5.2), p,(dx;z) is a
distribution of the almost periodic function F(R+z/2; «)— F(R; «). From
(1.41),

F(R+2/2; a) — F(R; )
==2r"" Y e(na)|n| > [p(n)]"?sin[nzY¥(n)/2]

neZM\{0}

xsin[2r(R + z/4) Y(n) —3n/4] (6.1)

Define for every ne M,

f(s;z,a)= —2n~! OZO: e(kna) |kn] =32 [p(n)]'? sin[rz Y(kn)/2]
k=1
x sin{2nks + nzY(kn)/2 — 3n/4] (6.2)

which is a periodic function in s of period 1. Then (6.1) can be rewritten
as
F(R+z/2;0)—F(R;a)= Y, f(Y(n)R;z, a)
neM

By our assumption, the numbers Y(n), ne M, are linearly independent
over Q, so by Lemmas 4.4 and 2.5 in ref. 7, p,(dt; z), the distribution of
F(R+ z/2; a)— F(R; a), coincides with the distribution of the random series

Ea= 2, Sultus 2, @) (6.3)

neM

where ¢, are independent random variables, uniformly distributed on
[0, 1]. Since ye I'y = I',, all the numbers {Y(n), ne M} are different. Let

us order the numbers { Y(n), ne M} in the increasing order, i, ¥Y(n(1)) <
Y(n(2)) < ---. Denote

ak(s; 2, a)=fn(k)v(s; 2, a)a ak(s)=ak(S; z, a) (64)
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According to Theorem 3.1 in ref. 7, Theorem 1.8 will follow, except the
lower bound (1.39), if we prove that

sup |a.(s)| < Jk =4, J>0
0<sx1
(6.5)
w© .1
Y [ as)?ds> Tk Jy>0
j=k"0
Since Y(&) is a positive homogeneous function of second order,
Cok'? g |n(k)| < C k72, Co, C, >0 (6.5)
Hence (6.5) is equivalent to the following two estimates:
sup | fuls;z, @)l <Jy|n| =%, J,>0 (6.6)
0<s<1
1
Y| sz ds> s, J,>0 (6.7)
neM:inl>r
The first estimate follows from (6.2):
| fuls;z, )| SC Y [kn| =2 < Co |n| 32
k=1
Let us prove (6.7). Equation (6.2) is a Fourier series in s, so
l (> o)
[ Uflssza)I2ds=2n"2 ¥ |knl = p(n) sin[nz¥(kn)/2]
0 k=1
= C |n| ~3sin?[nzY(n)/2] (6.8)
and
1
y j [fus;2012ds>C Y |n)Psin[mz¥(n)2]  (69)
neM:|n>r 0 neM: jnl>r

Note that the density of M in the plane is 6/n2 ie.,
lim (zr®)~" Y  1=6/n?

r—w neM:inj<r

so (6.7) will follow from (6.9) if we show that Ve >0, 36 >0 such that the
upper density of the set Q;={neZ? sin’[nzY(n)/2] <%} is less than &.
Indeed, then, for large r,

1
Y [ UszaPd=c Y jmos
neM:|n|>r 0 ne M\Qs: |nj>r

>CL(6/n")~2]18> Y nl P> Cor !

neZ|nl>r
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which gives (6.7). Let sin 6, = 6. Consider the annuli
As()={xeR* |nzY(x)/2—1] <8y}

and define Qs(/)=Z*N A4(!). Then Qs=2, Qs5(I). Let Ny(I)=|Qs(/).
Due to the 2/3-estimate of Sierpinski (see, e.g., ref. 27 or ref. 15)

|Ns(!) — Area A4(1)| < CI*7
In addition, Area 44(/) < Cy6l, hence N4(I) < Cydl+ CI/*¥* and

i Ns(1)< CoéL* + CL*?

=1
Therefore the upper density d(Q;) of Q; is estimated as

d(Qs)<limsup C,L~? ZL: N;()<C,o (6.10)
Lo =1

This proves the desired estimate of d(Q;), and so Theorem 1.8 is proved,

except (1.39). To prove (1.39), we use the following theorem.

Theorem 6.1. Assume a,(s), k=1, 2,..., are continuous functions of
period 1, with [ a,(s) ds=0 and

oo 1
sup sup la(s)| < oo, Zf | (s)]2 ds < 00
k=1"0

k 0<s<g!

Assume also that 3k, and d,> 0 such that Vk > ko, 3G, <= {1, 2,.., k} such
that |G| > dyk and Vie G,

1 1/2
ClI='> sup |a,<s)|>(j0 |a,(s)|2ds) Sc (611

0<s<1

with some C’, C">0and O0<y<1.
Then Ve>0, 3C,, 1,> 0 such that Vx>0,

Pr { Y al(t) >x} > C, exp(— A, x+e¥ti-n) (6.12)
k

=1

Pr{ Y a1 < —x}>Cﬁ exp(— A, x!! Tt -2y (6.13)
k

assuming that #,, k>1, are independent uniformly distributed random
variables on the interval [0, 1].
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Proof. The proof follows the proof of Theorem 5.1 in ref. 8 and
Theorem 3.3 in ref. 7. Define

Afsia(s)=d,177}, 6,>0

Then (6.11) and [ a,(t) dr=0 imply that 36,, 6,>0: Ve G,, mes 4,> 9,
[otherwise L*-norm of a,(t) is too small]. For /¢ G, define

Ai={ta/ ()= —17°}

Again mes A,>[7'°, 1>, [otherwise [ a,(¢) dr <0]. Define

o0

Dk={(tlitl""): IIEAI,[=k0,..., k; Z a,(t,) <l}
I=k+1
For large £,
© o] 1
var ¥ a(t)= Y f la,(s)|? ds < 1/2
I=k+1 I=k+1"0
so by Chebyshev’s inequality
Pr{ Y oal(n) >1}<l/2
I=k+1

and
k
PrD, = (12)C [] I7""=exp(—y.k'*%),  y.>0, k>k,(e)
=1

For (¢, t5,..)€ Dy,

y a,(t,);(é, ¥ 1")—C>505,k""—C>63k“V, k>k,

=1 le Gy

Thus

Pr { Y at)zx=05k' ‘"’} =2Pr D, zexp(—y.k'*%)
!

=1
=Cxp(—l‘:x“+ﬂ)/“_)')), XZXO

which proves (6.12). Condition (6.13) is established along the same way.
Theorem 6.1 is proved.

Lemma 6.2. 35>0 such that a,(s)=f,u(s;z a) satisfies the
condition of Theorem 6.1 with G, = {1 <I<k:n(l)e M\Q;} and y=13/4.
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Proof. The first estimate in (6.11) follows from (6.5). To prove the
second estimate, remark that by (6.8) and (6.5'),

fl (fun($; 2, @))? ds = CI=* sin*[rz Y(n(1))/2]
0
If n(/) € M\Q;, then sin®[zY(n(k))/2] > 6% so

Jl (fon($5 2, 0)) ds > Cl—3282

0

which proves the second estimate in (6.11). From (6.10) we obtain that
|Gk| Z(Sok, 50>0

Lemma 6.2 is proved.
Theorem 6.1 and Lemma 6.2 imply (1.39), so Theorem 1.8 is proved.
Proof of Theorem 1.9 goes along the same lines, so we omit it.

7. PROOF OF THEOREMS 1.10, 1.11

Proof of Theorem 1.710. Assume ye ;. As was shown in Section 6,
U (dx;z) i1s a distribution of the random series (6.3), so to prove
Theorem 1.10 we have to prove that the distribution of &_/(Var &_,)"?
converges to a standard normal distribution as z — 0. To that end we shall
check that the Lindeberg condition holds for the random series (6.3).

By the Parseval formula,

Varg.=[ xiudvz)= IFR+220)~ FIR @)l

— o0

=2n"% Y |n|7?p(n)sin’[nzY(n)/2]

neZ)\{0)

By (4.1) this coincides with W(z; a), so by Theorem 1.3,
Var é., =z + o(z), z—>0 (7.1)
Let
1 1/2
) = DVar ftyi 2,012 =[] 1oz, 0f7 s
0

Then the Lindeberg condition is that for every ne M,

lim0 o2 (n)/Var &, =0 (7.2)

=
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and for every ¢>0,

gale)=(Var) ' ¥ | s z,0)ds >0 (13)

2
nem lsl =e(Var E)12

as z — 0. From (6.2),

fu(s: 20l <Clnl =2 Y k=72 [sin[nz¥(kn)/2]|

k=1
It implies that

Coln) 'z when |n|z<1

Coln| =% when |n|z>1 (7:4)

| fuls; 2, )| S{
Indeed, if |n| z < 1, then

i k=2 |sin[nz Y (kn)/2]]
k=1

=A4'2Y |kd|~*sin(kd)4<C, |n|'? ', A=mnzY(n)/2
k=1

which proves the first part of (7.4). The second part follows from the
evident inequality

Y k=¥ |sin[azY(kn)2]l< ¥ k7
k=1 1

k=

Similarly,

o2m =[ s 7 0 ds < Cnl > § & IsinCrz Ylkn)2]P

=1

hence

Coln| ' 2% |log z| when |n|z<1
Colnl—? when |n| z> |

ol (n) < { (15)
Comparing (7.1) with (7.5), we obtain (7.2).

To prove (7.3), remark that (7.4) implies that for every ¢>0 the
inequality

sup | f,(s;z, )| 2 e(Var £_,)" 2 =ez"*(1 + o(1))

O0ss<1
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holds only for a finite set ne M, < M, which does not depend on :z.
By (7.3),

gu(e)<(Varf,)™' ¥ ol (n)

neM,

and hence the condition lim__ , g_.(¢) =0 follows from (7.2).

Thus, the random series (6.3) satisfies the Lindeberg condition, which
implies that the distribution of &¢_/(Var &.,)'? converges to a standard
normal distribution as z — 0 (see, e.g., ref. 24). This proves Theorem 1.10
in the case when yelI",. The same arguments work in the case when
yeI'|(H), so Theorem 1.10 is proved.

Proof of Theorem 1.711. For y={|z| =n~"?}, (1.41) reduces to

FRya)y=n"" Y |n|=**a~"cos[2rn'R |n| + ¢(n; a)]

ne Z)\{0}
=R {n‘s/“ Y. Inj=**exp[2n' R |n| i+¢(n;a)i]}
neZ\ {0}
=g Z ro(k) k=% cos(2n'2Rk'? — 3n/4) (7.6)
k=1
with
ro(k)= Y e(na) (7.7)
rteZz:rlf+n§=k
Hence

F(R+2/2; 0)— F(R; o)

=27 Y (k) k™Y sin(r'2zk"?/2) sin[27'2(R + z/4) kV* ~ 37/4]
k=1

= Y  fulk'*R;z, a) (7.8)

square free k

with

Silsiz,a)= —2m =% i ro(12k)(1 %) =4 sin[n"2(1%)"2/2]

=1

x sin[2n'"2(Is + zIk'")/4 — 3n/4] (1.9)
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ke N is square free if k = k'/* implies /= 1. The numbers {k'7, k is square
free} are linearly independent over Q, so u.(dx;z), the distribution of
F(R + z/2; a) — F(R; a), coincides with the distribution of the random series

£:a= Z fk(k]/ztk;za a) (7-10)

square free k

where 1, are independent random variables, uniformly distributed on
[0,1].%7 Let us check the Lindeberg condition for the random series
(7.10) as z - 0.

From (7.8),

Varé., =f x*p,(dx; 2)

-

=||F(R+2/2)— F(R; 0)|| 3

=g 57 Z |ra(k)|2 Jo—3/2 SinZ(nl/zzkl/z/z)
k=1

-2 o2
2Co Y Ir k)P k2222 Coz* Y |r(k)I? (7.11)
k=1 k=1
By Theorem D in ref. 8,
T rk)? 2z flogzl 7, z<zofa) (1.12)
k=1
Hence
Var £, 2 Cz |logz| %, 2 zg() (7.13)
Let

1 172
o.alk)= [Var fu(ti2 01 = [ 1 fitsiz 0l o)

Then the Lindeberg condition is that for every ke N,

lim 62 (k)/Var&,,=0 (7.14)
=0
and for every &> 0,

g:(8)=(Var¢,)~! i f sfiuls;z,a)ds -0 (7.15)
k

— 1 Ylsl > e(Var &)1
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as z— 0. Since
Ir (k)| < Csk°, ¥6>0
(see, e.g., ref. 21), we obtain from (7.9) that
| fils; 2, ) S C5 Y (1%k) =+ isin(n ' Pzik ' 2)2))|
=1

It implies that

Co(6) 2P~k ~12  when k'%z<1

;2. < .
| Juls; 2, )] {Co(é)k‘”/“’*" when k'z>1 (1)

Indeed, if k'?z < 1, then

Y (1%)™+3 [sin(n'2zlk'/2)|
1=1

=A(l/2)—26k—(3/4)+6 i I[A|—(3/2)+26|s]'n(ld)| A, A=7Tl/22kl/2/2

=1

which proves the first part of (7.16). The second part follows from the
evident inequality

© o
Z (lzk)—(3/4>+5 |Sin(7l'l/22[kl/2/2)| Sk_(3/4)+6 Z 1—(3/Z)+26
=1 =1

Similarly,

1 [++)
afa(k)=f | filsiz, )2 ds < Cy Y (1%K)~ 42+ 28 sin2(n 220122
0 1=1

Hence
Col6)k~1222-%  when k'?z<1

1
Co(3)k=¥+%  when k~27>1 (7.17)

ai(k)s{
Comparing (7.13) with (7.17), we obtain (7.14).
Let us prove (7.15). By (7.13) and (7.16), the inequality

sup | fils; z, @) = (Var £_,)"?

0<s<t
can hold only if

Col8) 2~k =12 > Cez'? |log 2| =172
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which implies

k

— 66
’

VAN
//\
)

ofa, 0, €) (7.18)

z

From (7.15), (7.13), and (7.18),
-6

g8)<z7' 7% Y o (k), <z d,¢)

k=1

so by (7.17),

--65

g:1(8)<201~6 Z k—l/222~5«5<21—20¢5, ZSZZ(G, (5, 8)

k=1

which proves that lim._, g.,(¢)=0.

Thus the Lindeberg condition (7.14), (7.15) holds, and so the distribu-
tion of (Var &)~ ' ., converges to a standard normal distribution as
z— 0. Theorem 1.11 is proved.

APPENDIX. PROOF OF THE FORMULA (4.2)
We prove in this Appendix the formula

-'f j 1817 ple)sin? Y(&) de = Area{lnty} (A1)

which reduces to (4.2) when Area{Inty} =1. To prove (A.1), let us rewrite
the expression [ in a polar coordinate system. Given an angle ¢, let £(gp)
be the unit vector in R? with this angle, and po(0)=p(é(@)) and

Yo(o)= Y((9)).
Then

[=n" j: jo' r~2po(0) sin[rYo(¢)] do dr

I

<n * sin® u
= pol@) Yolo) drpf
0

du——f pol®) Yolo)dp  (A2)

Given a nonzero vector ¢ in R? with angle ¢, let y/(¢) be the angle of the
point x =x(¢@)ey for which the outer normal is parallel to . Define the
sector

Vg, ¥,) = {xeR% §, < the angle of the vector x <y, }
Then
Po(@1) Yoo @2 — ¢1) =2 Area{(V(Y(¢,); ¥(¢2)) nInt y)} + o(l9, — ¢,])

822,74/1-2-15
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The last relation holds, since the set V(¥(¢,); ¢(¢,))nInty can be well
approximated by a triangle with the baseline 4s=(¢,— ¢,) po(¢®,) and the
height Y,(¢). Hence, we get, by approximating the integral by the usual
approximating sum that

2

L pol@) Yo(@) dp =2 Area Int y

The last identity together with (A.2) imply formula (A.1).
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